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STRENGTH TESTS OF THIN-WALLED DURALUMIN CYLINDERS IN COMPRESSION

By EUGEX+E. LUNDQUIST

SUMMARY

Th@ reporth the8econdof a 8erie8presenii~ there4u148
of 8tren@h teet8 of thin-walled duralumin cyhhd3r8 and
truncated cow of circular and elliptic 8ection. It con-
taiw the resw?tsobtainedfrom compremion te8t8 on @
thin-walled duralumin cylinders of circulur 8ection with
ends clamped to rigid bulkheads. In addition to the
teds on duralumin yI?k%r8, thereare in.duded the re-
Sldts of numerouz?tew%on rubber, cii’.bldoid,8k&!, and
bra88cyl’h2&?r8obtainedfrom uwi..ous8ourc-ea.

The re8w!t8of d! te8t8are prewnted in nondhm.wbnd
form and are di.scumedin corm.edionm“thexiding theory.
In the theoreticaldhumi.on, it ti 8hownthuithe buckli~
of the walk of a thin+udkd cylinder in comprtxtin can
becorrelatedwiihth-ebucklingof~ plates undiwedgecom-
premion in an ela.di.cmedium, and thai perhups many
solutionsfor problem in the buckling of plate8 can, uiih
the proper factors, be applid to similar problenu in the
buckling of cylinders and curved8heets.

INTRODUCMON

In a stressed-skin or monocoque structure, the
strength and stability of the curved skin are olosely re-
lated to the strength and stability of the walls of a thin-
wrdled cylinder, not only for compression but for other
types of loading as well. The National Advisory
Committee for Aeronautics, in cooperation with the
Army Air Corps; the Bureau of Aeronautics, Navy
Department; the Bureau of Standards; and the
Aeronautics Branch of the Department of Commerce,
made on extensive series of tests on thin-walled cylin-
ders and on truncated cones of circular and elliptic
section at Langley Field, Va. In these tasts the abso-
lute rmd relative dimensions of the specimens were
varied in order to study the types of failure and to
establish useful quantitative data in the following
loading conditions: Torsion, compression, bending,
and combined loading.

The fist report of this series (reference 1) presents
the results obtained in the tomion (pure shear) tests on
cylindem of circular section. The present report is the
second of the sdries and presenti the resuk obtained
in the compression tests on cylinders of circular
section,

4070s-3+3s

In addition to the results of the N.A.CA. compres-
sion tests on duralumin cylinders, there are presented,
through the courtesy of Dr. L. H. Donnell of the Cali-
fornia Institute of Technology, the unpublished
results of 40 compression tests on steel and brass
cylindem. There are also included the results of
numerous compression tests on rubber, celluloid,
and steel cylindem reported in references 2, 3, and 4.
The latter two of these references came to the atten-
tion of the author after the experiments of the present
report had been completed. It is suggested that they
be read in conjunction with the present report. The
first is largely theoretical; the second, experimental.

By way of introduction to the detailed discussion
of the test data herein presented, it may be said that
secondary, or local,’ failure in thin-walled cylinders of
circular section under uniform compassion seems to
have been first investigated by Lilly (1905-07).
Site that time Timoshenko, Lorenz, Southwell, and
others have studied the problem theoretically. The
tit theoretical studiw were confined to the csse of
deformation symmetrical with respect to the axis
(fig. 1). Later the theory wss extended to include the
case of deformation not qym.metrical with respect to
the axis (figs. 2 and 6), but the resultsof the extensions
did not always lead to the same conclusions.

Perhaps the best known of the early treatises on the
subject of the stability of thin-walled cylinders in
compression is that by Southwell (reference 5), but
unfortunately hi9 interpretation of the general equa-
tion is incomplete. In reference 2, Robertson shows
that Southwell’s tinal equations are invalid for certain
cases, and he derives new equations for these cases.
In the present report it is shown that Southwell’s
general equation contains the equations for the buckling
of flat and curved plates subjected to edge compres-
slon.1

Until Robertson made the teats reported in refer-
ence 2, there seem to have been no comprehensive tests
made to verify the theory. Robertson found that fail-
ure occurred by the formation of a multilobed wrinkle

1In rofemm3 Flf@a k pramtad tbe general eqnatkm fn mphfcdformand
Imsmqnfzad tbattba bnoklfng ofllatplaka fsaapwial casaofthe bnoklfng ofa
oylfndar oflnflnftaradfaR ‘rima3b@nk0a90swm.9t0 havar&c@2@i thesamg
faot h some of MSady work, 19M-16.
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pattern, as predicted by his modification of Scuth-
well’s final equations, but that both the number of
wrinkles, or lobes, forming in the circumference of the
cylinder and the stress at failure were less than the
theoretical values. The stress at failure was slightly
less than the critical stress for the 2-lobed failure
predicted by South-well.
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Rams L—Buckllng symmemcal with respect to the ad% (Tnbm WstM by the
Burean of StandardQ

The results of the N.A.C.A tasts herein reported
ccniirm, quantitatively, the results obtained by Rob-
ertson. Consequently, in the present report detsiled
consideration is given to the lack of agreement between
theory and experiment.

A an introduction to a study of the strei@h and
behavior of curved sheet and stiffener combinations,
a general discussion of the buckling of flat and curved
plates under edge compression is given in an appendix.

COMWJ3TEEFOR M3RONAU’MCS

TESTS ON DURALUMIN CYLINDERS

Material.-The duralumin (Al. Co. of Am. 17ST)
used in the N.A.C.A. tests vm.sobtained from the man-
ufacturer in sheet form with nominal thicknesses of

)11, 0.016, and 0.022 inch. The properties of the
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FICmEE2—Bnckllng not symmetrical with respeotto W @ (Tubes tded by
the Bureauof Stenderds.)

material, as determined by the Bureau of Standards
horn specimens selected at random, are given in table
1. Typical stress-strain curves taken parallel and
normal to the direction of rolling are given in figures
3 and 4, respectively.

In table I and figures 3 and 4, it will be observed
that the modulus of elasticity,is substantially the snme
h the two directions of the sheet but that the ultimate
]trength and yield point are considerably lower normal
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to than parallel to the direction of rolling. However, as
all the cylinders tested “failed at stresses considerably
below the yield-point stress, the difference in the
strength properties in the two directions has no bear-
ing on the results.

Speoimens.-The test specimens consisted of right
circular cylinders of 7.5- and 15.O-inch radius with
lengths ranging from 3.6 to 22.5 inches. The cylinders
were constructed in the following manner: tit, a

for the bulkheads of 7.5-inch radius,~and 3fi inches
thick for the bulkheads of 15.0-inch radius. These
parts were bolted together and turned to the specified
outside &&meter. Steel bands approximately one
fourth inch thick were used to clamp the dnralumin
sheet to the bulkheads. These bands were bored to
the same diameter as the bulkheads.

Apparatus and method.-The thickness of each sheet
was measured to an estimated”precision of +0.0003

duralumin sheet was cut to the ‘dimensions of the Iinch at a large number of statior&j by means of a dial
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developed surface. The sheet was then wrapped about
and clamped to the end bulkheads. (See figs. 5 and
6.) With the cylinder thus assembled, a butt strap 1
inch wide and of the same thickness as the sheet was
fitted, dded, and bolted in place to close the seam.
In the assembly of the specimen, care was taken to
avoid having either a looseness of the skin (soft spots.),
or wrinkles in the walls when finally constructed.

The end bulkheads, to which the loads were applied,
were each com.tmc.ted of two steel plates one fourth
inch thick, separated by a plywood core 1ji inches thick

gage mounted in a special jig. In general, the varia-
tion in thickness throughout a given sheet was not
more than 2 percent of the average thickness. The
average thicknesses of the sheets were used in all
calculations of radius/thickness ratio and stress.

A photograph of the loading apparatus used in the
compression tests is shown in figure 5. Loads were
applied by the jack in increments of about 1 percent
of the estimated load at failure. At first wrinkling,
which usually occurred prior to failure, diamond-shaped
wrinkles began to form and grew steadily in size and
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sometimes in number with increase in load until failure
occurred by a sudden formation of wrinkles in severs
circumferential rows. (See fig. 6.) Failure wtu
always accompanied by a loud report and by a reduc.
tion in load, which continued with deformation of tlu
cylinder after failure. In all the tests, 5 to 10 m.inuta
elapsed from the time that load was that applied tc
the specimen until failure occurred. “ -

.—
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With the cylinder loaded at the afi, the l-inch butt
strap at the seam caused a slight eccentrici@- on all
specimens. The effect of this eccentici~ was small,
however, as there was no tendency for failure to occur
consistently on one side of the cylinder.

TESTS ON RUBBER,CELLULOID,STEEL,AND BRASS
‘3YIXNDERS

In the compression tests made by Donnell, brass
and steel shim stock were used. The sheet that formed
the walls of the cylinder was fit cut to size and then
wrapped about a mandrel and soldered at the seam.
In order to stifen the ends for bearing against the
heads of the testingmachine, a l@t metal ring was
soldered in place at each end of the cylinder. All the
cylinders were tested in a special machine constructed
at the California Institute of Technology. I?or more

complete information concerning the material, speci-
mms, and method of testing, the reader is referred to a
report by Domell on the strength of cylinders in tor-
tion (reference 6). The compression cylindem were
constructed in the same manner as the torsion cylinders
and were tested in the same machine as the medium-
Ienggh torsio-nspecimens. .

For detailed information concerning the tests on
rubber, celluloid, and steel cytiders, the reader is
referred to the original sources (references 2, 3, and 4),
It should be mentioned, however, that the size and
type of specimen and the method of testing differed
greatly among the various groups of cylinders tested
and that some of these differences were responsible
for differences in the strengths obtained. These
facto= are considered in the discussion of the results.

The results of all the test data considered in this
report are given in tables II to VI, inclusive, nnd in
figures 7, 8, and 9.-

THEORYAND DISCUSS1ONOF RESULTS
B- 11~~ OFGENERALTEBOEY

By use of the theory of thin sheIIs as appfied to a
cylinder of intlnite length, South-wellderived an equa-
tion (equation 98 of reference 5) relating the critical
stress, the properties of the material, and the phe-
nomenon of failure. This equation as given by
Prescott in a more simplified form (equation (17.126)
of reference 7, p. 553) is ,

–&[(P+g9’+19+2d+ 2@l

[
+A (H+~)’+k4+3~~+2 (l–u)@ 1-2H–7k4#– (7+u–2#)k%f-af
Af=o (1)

where
i?

‘=12(1–4+

*.2C

k - 2_mJ,~ ~tewer
h. 3

r, radius of cylinder
t,thickness of cylinder wall
u, I?oiwon’s ratio
E, modulus of elasticity
iS, critical stress
X= and k., wave lengths of the wrinkles in th~

direction of the axis and circumference of the
cylinder, respectively.

In his interpretation of the general equation, South-
~ell reasoned that for a lobed type of failure (k> 1) g
mst be small if S/E is to have a value possible in
?ractice. Upon the basis of this assumption, Southwoll
mote as an approximation for equation (1):

s (f ~AP(J+ 1)’
72-P(F+l) (l&+ l)&

(2)
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In reference 2, Robertson shows Southwell’s reason-
ing to be in error, and that for a lobed type of failure,
n possible value of S/Emay occur with a large value of
g. Upon the assumption that q is large, Robertson
wrote as an approximation for equation (l):

(3)

In references 2 and 6 it is not clear as to whioh
absolute values of gmay be regarded as small and which

as large. An inspection of equation (1) reveals that
any given value of g may be regarded as small or large,
depend@ upon the value of k. From equation (3) it
is evident that Robertson regarded values of q approxi-
mately equal to k as large. It would therefore seem
better to say that equation (2) is an approximation for
equation (1) when q/kis small, and that equation (3)
is an approximation for it when g/kis not small. In
any event it is de&rable to examine the accuracy and
limitations of equations (2) and (3).

If g= d and u= 0.3, the quantities in the brackets in
the first and second terms of equation (l), together
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with the %uthwell and Robertson approximations for
them, became

C, correct values
First term [F(l +F)’+IF(l +2.6~)]

Second term
[

P(l + &)’+k’(1 +3<+ L4#)
–~~(2+7#+7.1#+0 -3#) 1

S, %uthwell approximation (e= f, sma~)

Firstterm [P+kq
Second term [ka+k’– 2~

R, Robertson approximation (e=~s not small)

First term [L’(1 + #)11
Second term [L!(1+ d)’]

In table VII numerical values of the precedi@ quan-
ties are tabulated for values of e ranging from 0.01 to
10 and values of k from 1 to 25, the case k=O being
omitted in the table because when k= O, q is i.niinitely
large with respect to k. Robertson’s approximation,
which includes only the highest powem of q in each
term of equation (l), is therefore valid for k= O.*

From table WI, it is evident that for each value
of e there is a value of k that cannot be exceeded if
gJkis to be regarded as small. For values of k given
above the horizontal lines in table TKU,Southwell’s
approximation (~k small) is preferable to Robertson’s
approximation (g/knot small). For values of k given
below the horizontal lines, Robertson’s- approximation
is equally as good as, or preferable to, Southvell’s.

PRIMARY FAILURE OR COLUMN ACTION (k-l)

According to the theory (reference 5 or 7), the case
Ii= 1 corresponds to a buckling of the cylinder as a
whole in a manner similar to primary failure in col-
umns. This type of failure is characteristic only of a

.long slender tube where the wave lengti & is large
compared to the circumference (2a-r). It therefore
follows that for k= 1, both q and the ratio q/kmust be
small and Southwell’s approximation applies. Thus,
putthg k = 1in equation (2) leads to the Euler column
formula.,

lSql12rr’
()

—.-. -—
-E22Xa

Siice ~-1, the length of a pin-ended column, and

-$- p, the radius of gyration of a thin-walled tube,

~~ 2E

(y

In terms of the total load this latter equation becomes

; The &tenmnt that Roktsan’s appmxhmtfon fs valfd for k-a k made on
the assunptfonthat g>L IrI the end .-ho -~tw~t-o~ -~
vofuoYofg memmtatkau L

SECONDARY FAILURE OE LOCAL BUCKLING

[All Vafuesof k otherthank-l]

All values of k other than 1 correspond to failure
by local buckling of the cylinder walls. Figure 1 shows
the type of failure for k= O. Figties 2 and 6 show
failures that correspond to k>l.

It wiJl be recalled that equations (2) and (3) are
merely approximations for the general equation relat-
ing the critical stress, @e properties of the material,
and the phenomenon of failure. For a test cylinder
that is free to buckle into any wrinkle pattern, insta-
bility will occur at the minimum value of the critical
stress. Thus differentiating iSwith respect to q as the
independent variable in equation (2), it is found that
Southwell’s approximation gives:

when

(5)

In a similar manner, differentiating S’ with respect
to a in equation (3), the corresponding equations for
Robertson’s approximation are:

(6)

when

It will be noted from equations (4) and (6) that when

gjk is small, the critical stressis ~ times the critical

w-l
stress when gjk is not small. As the ratio ~ is

always less than unity for k>l, the critical stress for
the forination of lobes as given by Southwell is always
less than the critical stressgiven by Robertson. Conse-
quently, failure should occur in the manner predicted
by Southwell unless the dimensions of the test cylinder
are such that it is physic~y impossible for q/k to be
small.

For a cylinder of i.nfhite length in which failure of
the Euler type is prevented it is certainly possible for
q/k to be small. In such a cylinder, buckling should
occur at a stress equal to the smallest value of &{n
given by equation (4) or when k= 2, the minimum
value of k for Southwell’s approximation (table VII).

F–1
‘or ‘=2’ ‘he ‘atio m-i- 0.6’ ‘d
becomes

From Southwell’s treatment of the

equation (4)

(8) ●

buckling of a
cylinder of irdinite length, a section of length AJ2
may be regarded as equivalent to a cylinder of finite
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length with hinged ends. Thus for a test cylinder
with hinged ends and of such length that the Ner
type of failure does not occur, AJ2 may approach the
length of the cylinder and q may be as hall as m/1,
where 1is the length of the cylinder. If the value of k
in equation (5) that corresponds to thi9 value of g i5
-greater than the value “of k given by the horizontal
line in table VII for the ratio of gJk obtained from
*equation (5), it is physically impossible for gjk to be
small, as Southwell assumed; therefore Robertson’s
equations based on q/knot small, apply. In this report
a cylinder of such dimensions that it is impossible for

. q/1: tc be small is designated a “Robertson” cylinder,
in contrast to a “ Southwell” cylinder in which it is
possible for gjk to be small.

.CxKh9

.m

Ke

.0004

.00CP

o .5 J.o 1.5 20 2-5 3.0

Although Southwell’s theory does not apply to a
cylinder with ends clamped to rigid bulkheads, it is
reasonable to assume that for such a cylinder the”
effective vtdue of &/2 is less than L Consequently,
if it be assumed that &/2=1 and the test cylinder
under consideration comes within the range of Robwt-
son’s approximation as outlined in the preceding
paragraph, it may certainly be classed as a Robertson
cylinder.

For the duralumin cylindem tested by the N.A.C.A.
and the steel cylinders tested by Robertson and
reported in reference 2, the lengths ranged fiwm
approzimatdy 0.25T to 3.Or. Consequently, the
smallest value of g that could occur in these cylindem

is ~ or 1, approximately. From figure 10, where

equation (5) is presented in graphical form, it is found

that for q= 1 and ~= 100, k =4, approximately, and

hence ~ =~$ approximai%ly. Since 4 is below the hori-

zontal lines in table VII for ~ = 0.2 and 0.4, it is impos-

sible for f to be small in this cylinder; hence, it is

classed as a Robertson cylinder. In a similar manner,
it can be shown that all the test cylinders of these two
~groupsare classed as Robertson cylinders and, so far
as stressed-skin or monocoque structures are con-
cerned, the radius, thickness, and spacing of bulkheads
are such that any part of the structure is always a part
of a Robertson cylinder. Consequently, the signifi-
cance of Robertson’s equations w-ill be discussed in
considerable detail.

CLOSE RELATION BETWEZN THE BUCIUING OF A RODERTSON
CYLINDER AND THE BUCKLING OF A FLAT PLATE

Multiplication of the right-hand side of equation (6)
by o?- (which is equal to unity, by equation (7))
gives

On putting&= 2a and x,= 2b

(9)

Inspection of equation (9) reveals that the critical
strew for a Robertson cylinder is twice the critical
stress for a flat plate that buckles to form waves or
wrinkles of the same size as form in the cylinder (refer-
ence 8). h reference 9 it is shown that the critical
load or stress for a long strut that buckles in an elastic
medium 3 is also twice the critical load or stress for
the same type of buckling without the lateral support
of the medium. Consequently, by analogy, the buck-
ling of a Robertson cylinder maybe regarded as equiv-
alent to the buckling of a flat plate under edge com-
prtwion in an elastic medium.

PEBNOMZNON OF FAILURE

It will be noted that for a Robertson cylinder, equa-
tion (7) does not define a particular wrinkle pattern,
but rather a family of wrinkle patterns. For k= O
O.= w), the walls of the cylinder form circumferential
bu@s or corrugations (fig. 1). For kZ2, diamond-
shaped or wavelike wrinkles of various dimensions
form. (See figs. 2 and 6.) If equation (7) is solved
for g it will be found that two values of g are asso-
ciated with each value of k, one smaller and the other
larger than k (referemm2, p. 598). In order to deter-
mine which of the many wrinkle patterns described
by equation (7) is most likely to occur, it is necessary
to examine the condition of buckling for each,

Although equation (7) shows that buckling may oc-
cur by the formation of circumferential corrugations,
this type of failure is not likely to occur in preference

JAn eldo medium is ammned to provfde Ioteml rdstanca to bu~g. The
rmfstanm fs dfstrfbutd afong the length of the CQhmmamdIs proportional to the
lateml dedmtfcm.
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to the formation of diamond-shaped or wavelike axis”, has ever occurred except in tubes of small
wrinkles. When buckling begins, circumferential radius/thicknms ratio where the stresseshave equaled
tensions and compressions that are set up in the crests or exceeded the yield point. (See referenm 2.)
and troughs of the corrugations reinforce the longi- If failure occurs by the formation of diamond+haped
tudinally stressed elements and prevent complete fail- er wavelike wrinkles, it might be expected, by analogy

Thiclaess ’ ~
FIGUBE9.–EifEct of vminkllngprfor to fallnre on thn .?lxen@ of thin-walled orlfndera fn commission Testd by N.AZ.A. Curve s.%B, and C obfahM fivro flgum 7.

uro untfi the yield point of the materiaI is reached to the buckling of flat plates, that the wavelengths of the
or exceeded. In fact, it is doubtful if this type of buckles in the d.hection of the axis and circumference
failure, ‘known in the theoretical Literature by the of the cylinder will be equal. Differentiation of k with
name “deformation symmetrical with respect to the respect to q in equation (7) shows that the maximm ‘
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value of k is obtained when k = q or X==L Thus, if
L=& equation (7) gives

Examination of the graphical presentation of the
general equation rela~~ the critical stress with the
properties of the mated and the phenomenon of
failure as given in figure 16 of reference 3 shows a
gradual reduction of S.ti and k with a decrease in q.
Thus for both Southwell and Robertson cylinders it
might be espected that the number of wrinkles fl be
given by equations (5) and (7), respectively, if q has
the smallest (hJ2 the largest) Yalue consistent with
the length and end conditions of the test cylinder.

~
t

FmvM 10.-Oraphfd solntion of qnatfon (5),

kl-1 v
+%+

(cnrvm drawn for .-03)

From the photographs of cylinders after failure (fig.
6), it is evident that h tends to be equal to h. %ow-
ever, upon reference to tables H to VI inclusive, where
calculated and experimental values of k are tabulated
for comparison, it is observed that the number of
wrinkles that form in the circumference of the cylinder
is always less than k.=. Except for short cylinders
(1/r< l.0), the experimentalvalues aregenerally greater

COMMIlT13E FOR &ERONA7JTICS

than the smallestvalues of k calculated when assuming
kJ2 =1/2 and xJ2 = 1in equation (5) or (7). For cylin-
ders of a given radius/tbicknes.sratio, the experimental
valuea of k vary inversely with l/rand approach a con-
stant value for the larger values of Z/r. These observed
facts are explained as follows:

When buckling occurs by the formation of diamond-
shaped or waveLikewrinkk, the walk of the cyIinder
subdivide into a series of curved plates of length a and
width b simply -supported along the adjacent edges
Acccrdimg to the equations of the deflected surface
(equation (56),reference 5; or equation (17.l16),reference
7), these edges do not move out of the plane of the
cylinder wall. However, when buckling begins there
is no positive support provided to prevent a displace-
ment normal to the cylinder wall. Consequently, the
edges of the curved plates behave like Euler columns
and buckle, with the result that the cylinder collapses.
H the type of buckling predicted by the theory actually
took place so that the edges of the curved plates
remained in the plane of the cylinder waII,a coLIapseof
the cylinder would not occur and the curved plates
would buckle in a manner similar to the corresponding
flat plate simply supported at the edges, The load
carried by the cylinder would then increase to a ma.u-
mnm value that is dependent upon the properties of the
matarial in the same manner as the load for a flat plote
increases to a maximum. (See references 8 and 10.)

From the preceding description of the behavior of a
test cylinder during the process ‘of failure, it is evident
that the wrinkle pattern assumedby the cylinder when
it collapses is dep~ndent upon a type of buckling not
dmcribed by the equations of the theory. It is, there-
fore, to be expected that the number of wrinkles that
actually foti may difFerfrom the theoretical number,
although the two values may be related in some
manner.

For example, in a few of the 2?.A.C.A. tests where
prelimimq wrinkles formed prior to failure, the wave

lengths were very nearly equal to ~ However, upon

continued loading the wrinkles grew steadily in size
until failure occurred.

In another case a tube (~= 0.607 in.; r/f= 15,7;
l/r= 10.6) was observed that developed what would
correspond to a 2-lobed deformation of the Southwell
type, but faihre occurred at one end by the forma-
tion of three or four lobes of the Robertson type.

S~l?S9ATF&UREm TESTCYfJNnEW

b ilgure 7 the results of all the tests are plotted
logarithmically, 5’/E against T/f, together with the
graphs of equations (6) and (8). It v@ be observed
from this @gu.re that except for a few of the tests
made by Flilgge, all of the tests made by FMgge,
Robertson, and the ~.A.C.A. plot between cu~ves
B and C. It will also be observed that for these tests,
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the stress at failure approaches as a maximum the
critical stress for a cylinder of iniinite length, and that
the results of the tests scatter widely and depart
from the theoretical straight line at large values of
the rdius/thickness ratio. This departure”from the
theoretical stress relation is caused by imperfections
and eccentricities in the elements of the cylinder
which, relatively speaking, increase with increase in
the rdius/thicknees ratio.

The results of the tests on machined cylin~ers by
W&on and Newnmrk (reference 4) plotted in figure 7
are in agreement with the results discussed ‘in the
preceding paragraph, except for radius[thickness
ratios less than 235 where the stresses obviously
approached or exceeded the proportional limit and
yield point of the material. In fact, there were
additional tests made by W~on and’ Newmmk on
machined specimens, the results of which are not
included in the present report because the stresses
developed were so high that yielding of the material
must have occurred.

The results of the teats made by Wfion and New-
mark on fabricated steel cylinders and the results of
the tests made by Donnell”on steel and brass cylindem
plot below curve C in figore 7. In the teats by Wtion
and Newmark the cylinders were loaded directly
between the heads of a testing machine. The ends of
the cylinder were held circulw by means of either a
steel angle or rLwood ring, but contact with the heads
of the machine_was made by the shell alone. This
fact, together with the fact that fabricated cylinders
with riveted or welded seams are inherently less
perfect than machined cylinders, may poesib~yaccount
for the reduced strength of the Wfion and Newmark
cylinders.

In the case of Donnell’s teats, the reduced strength
may possibly have been caused by imperfect cylinders.
Obviously, in the construction of cylinders with shim
stock of the small dimensions used by Donnell, greater
skill is required to obtain a given degree of. perfection
than would be required for larger cylinders of thicker
material.

Upon reference to th’e tests on.the large fabricated
cylindem of series E in table VI, it will be observed
that a change from welded to riveted seams has but
little effect upon the stress at failure.

It should be mentioned here that the fabricated
cylindem tested .by Wdson and Newmark were built
of structural material such as might be used in bridges,
buildings, or ships, whereas the cylinders tested by
Donnell were built of matwial much thinner than that
used even in aircraft structures. As a consequence,
the test data should have a wide range of usefulness
in various fields of engineering, particularly in view
of the fact that the results are in agreement when
plotted nondimeneiorially. ,

In view of the wide difference between the results
of the various tests, it is concluded that for ales@
purposes the compressive stress at failure is best given
by an equation of the most general form

&=KCE (11) -
where K. is a nondimensional coefficient that varies
with the dimensions and imperfections of the cylinder.
Except for very short cylinders the radius and thick-
ness as eipressed by the ratio rft are the only dimens-
ions of the cylinder that need be considered because
the large effect of slight imperfections and eccentricities
in the elementi of the cylinder completely overshadow
the small effect of length. (See fig. 8.) Conse-
quently, the designer who uses these data must esti-
mate thi degree of perfectness of his particular design
by a proper choice of the vaIue of K. from figure 7.
In general, design values for K. will be less than the
values given by curve C which represents the lower
@nit of the results obtained with the most perfect
laboratory test specimens.

The results of the N.A.C.A. tests plotted in figure 7
are replotted in figure 9, where distinction. is made
regarding those points representing cylindem in which
wrinkhg occurred prior to failure. From this figure
it is concluded that preliminary wriukl@ did not
apparently reduce the stress at failure.

Why the critical stress for the Robertson cylinders
tested approached as a maximum, but did not exceed,
the critical stress for a cylinder of infinite length, is
diflicuh to explain. It may be that the type of buck-
ling for a collapse of the cylinder is associated with the
lower stress, or that when the stress given by equation
(8) is reached a condition of instability is obtained and
the cylinder deforms slightly as a part of a cylinder of
infinite length. Then, since the cylinder is so sensitive
to slight imperfections and eccentricities, failure is
precipitated at the critical stress for a cylinder of
infinite length, and the wrinkles assume a pattern
consistent with the dimensions of the cylinder. This
latter explanation of the inability to develop stresses
greater than the critical stress for a cylinder of infinite
[ength seems reasonable because it is impossible to
construct a mathematically perfect cylinder. Thus, a
s~whtdeformation of the test cylinder may be expected
at the critical stress for a cylinder of infinite length,
and the upper limit of perfectness is established by this
fact.

EFFECllOFENDBULXHBADS

In view of the fact that the stress at failure is inde-
pendent of length (J/r>O.5, fig. 8) and approaches but
does not exceed the critical stress for a cylinder of
infinite length (fig. 7), it is concluded that the end
bulkheads contribute little, if any, toward the stabili~
of the cylinder walls. This conclusion appesm reason-
~ble so long as the length of the cylinder is greater
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than several times the smallest value of XJ2 likely to
be associated with the type of failure characteristic of
the cylinder under consideration. For the test cylinders
considered in this report, the smalkt value of AJ2
is not likely to exceed the value corresponding to the
condition k= g in equation (7) or

In table VIII values of &/2r obtained from equation
(12) are tabulated for comparison with the smallest
length/radius ratios of the test cylinders considered in
this report. An examination of this table in con-
nection with figures 7 and 8 shows that for practical pur-
poses, if l/ris greater than three to five timw the value
of &/2robtained horn equation (12), bulkheads have no
effect upon the stress at failure.

EFFECT OF LONGITUDINAL STIFFENERS

From consideration of the effect of bulkheads on the
strength of thin-walled cylindem in compression, it
follows by parallel reasoning that longitudinal stifkmers
will contribute little toward the stabili~ of the cylinder
walls if spaced at a distance greater than several times
the smallest value of &/2 likely to be associated with
elastic buckling of the walls. “Sincethe smallestvalues
of &/2 are obtained when k= q in equation (7), this
minimum value of XJ2 is equal b the value of kJ2
given by equation (12). Vi5th longitudinal stifbnem,
however, failure as characterized by a collapse of the
cylinder is delayed until the st&ners fail. The ulti-
mate load supported by a cylinder with longitudinal
stiffeners may therefore greatly exceed the load at
which buckl@ begins.

CONCLUSIONS

1. For thin-walled cylinders in which failure occurs
by elastic buckling of the walls, the stress at failure
(collapse of the cylinder) is best given by an equation
of the form

S.=K.E

where Kc is a nondimensional coefficient that varies
with the dimensions and imperfections of the cylinder,
Except for very short cylindem, the radius and thick-
ness as expressedby the ratio rlt are the only dimensions
that need be considered.

2. Wrinkling prior to failure doca not apparently
reduce the stress at failure.

3. For large fabricated cylinders, a chhge from
welded to riketed seams has but little effect upon the
stress at failure.

4. After the cylinder has failed, the wave lengths of
the wii.nkles in the direction of the axis and cir-
cumference are equal. The number of wrinkles that
form in the circumference varies invemely with the
length/radius ratio and for a given radius/thickness
ratio seems to approach a constant value at the huger
values of l/r.

5. The compressive stress at failure is independent
of length so long as the length of the cylinder is greater
than three to five times the value of Xa/2 given by the
equation

~=n-r fl
2 K=o.glfit

In the preceding conclusions, a cylinder whose length is
less than fhm three to five times the value of &/2
given by the above equation is designated” a very short
cylinder.” *

6. Bulkheads, or transveme stilleners, to be effec-
tive in prevauting failure by elaatic buckling of the
walls, hence in strengthening the walls, should be
spaced at a distanm less than from three to five times
the value of L/2 given by the above equation. The
same conclusion applie9 for longitudinal stiffeners,
except that failure as characterized by a collapse of the
cylinder would be delayed until the stiffeners failed,

LANGLEY MEIJORIAL AERONAUTICAL LABORATORY,

NATIONAL ADvrt30EY Co~ m FOR hRONAIJTIOS.

LANGLBY FIELD, VA., Jurw 10, 193$.
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APPENDIX

GENERAL DISCUSSION OF THE BUCKLING OF FLAT

EQUATIONS FOR THE BUCELINQ OF A FLAT PLATE UNDER EDGE
COMPRES+310N m AN ELASTIC MEDIUM

The critical stress for a flat plate under edge com-
pression without the support of an elastic medium is
equal to the critical stressfor a pimended plate column
of the same thickness with a length equal to

where lJis the half-wave length of a buckle normal to
the direction of loading, and a is the half-wave length
of the same buckle parallel to the”direction of loading.
Equation (11) of reference 9 gives the critical load for
a column under compression in an elastic medium.
Consequently, if

b

;+;

is substituted for 1 in this equation and both sides
divided by bt, the area of a strip of plate of width b, the
following general expression is obtained for the critical
stress in a flat plate under edge compression in an
elnstic medium: -

where
P.,, critical load for a strip of plate of

pounds.
t,thickness of plate, inches.

(13)

width b,

S, critical stress, pounds per square inch.
n

= — ~ bending modulus for a plate as con-“ 1:d
trasted with E, the bending modulus of a beam
or column, pounds per square inch.

E A bt3 moment of inertia of a strip of plate of112,

width b, inches’.
K, modulus of the elastic medium taken in such a

way that ~ times the deflection represents the

reaction of the medium per unit area of the
plate, pounds per square inch.

u, Poisson’s ratio.

AND CURVED PLATES UNDER EDGE COMPRESSION “

If the plate is large and free to buckle in any manner,
Bwill assume such a value that S’is a minimum. Con-
sequently, differentiation of s with respect to f? in
equation (13) gives

S.,n = 2
d

K-Et

12(1–#)b
when

(14)

(15)

EQUIVALENT ELASTIC MEDIUM FOR A ROBERTSON CYLINDEB

When buckling begins in a Robertson cylinder, the
effect of curvature is such as to set up forces that
oppose buckling. For small deflections, these forces
are proportional to the deflections, hence they may
be reg~ded as analogous to the lateral reactions of an
elastic medium in the previous discussion of the
buckling of flat plates. The modulus of an equivalent
elastic medium for a Robertson cylinder may therefore
be obtained by equating 5’m,,in equations (6) ~d (14)
and solving for K. Thus,

d 1 Et_2
d

KEt
3(l–#)T– 12(1–d)b

from which
K- Ebt

#
(16)

Substitution of this value of K in equation (13) gives
the following general exp-on for the critical com-
pressive stress in a Robertson cylinder

~+12(1–d)@
‘=* [ t%-%’ 1 (17)

Equation (17), while different in form, is in sub-
stance the same as equation (3). This fact will be
shoym by the following derivation: According to
equation (3), \

and

‘“E&A[l+*l
By definition

(18)

(19)

Consequently, substitution of the values that define a
and A in equation (18) gives equation (17).

697
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BBIEF DISCUSSION OF FORCED FAILURE

From the form of equation (17), it may be concluded
that Southwell’s general equation (equation (1) of this
report) contains the solutions for the buckling of both
flat and curved plates subjected to edge compr=on.
The second term in the brackets represents the effect
of curvature on the critical stress. If r= ~, this term
becomes zero and equation (17) gives the critical com-
pressive stress for a flat plate simply supported at the
four edges. In a similar manner, if t and r have fixed
values such as correspond to the dimensions of a par-
ticular cylinder and Bis forced with stiffeners to be less
than the value that causes S to be a minimum

(20)

the second term in the brackets rapidly becomes a
small fraction and the critical stress approaches that
for a flat plate. If values of j9less than half the value
given by equation (2o) are forced, the portion of the
curved sheet under consideration may be regarded as
flat with an error not greater than 6.3 percent.

Further consideration of the subject of forced failure
is beyond the scope of the present report. However,
in view of the correlation of the buckling of thin--milled
cylinders with the buckling of plates, it would appear
that perhaps many solutions obtained for problems in
the buckling of plates can, with the proper factors, be
applied to similarproblems in the buckling of cylinders
and curved sheets. It is therefore recommended that
theoretical and experimental research be conducted
to explore this field, particularly as regards the
compressive strength of curved sheet and stiener
combinations.
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TABLE I.—PROPERTIES OF SHEET DURAL~~;NUS~D IN STRENGTH TESTS ON THIN-WAIXED
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TABLE IX—CALCULATED AND EXPERIMENT#T~$]U# OF k FOR N. A.C.A. TESTS ON DURALUMIN
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TABLE IH.—CALCULATED AND EXPERIMENTAL VALUES OF k FOR TESTS ON STEEL CYLINDERS REPORTED
BY ROBERTSON IN REFERENCE 2
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TABLE IV.—CALCULATED AND EXPERIMENTtiB;~~lJEk FOR TESTS-ON STEEL AND BRASS CYLINDERS
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TABLE V+C-ALCULATED AND EXPERIMENTAL VALUES OF k FOR TESTS ON RUBBER AND CELLULOID
CYLINDERS REPORTED BY FLUGGE IN REFERENCE 3
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TABLE VI.—CALCULATED AND EXPERIMENTAL VALUES OF k FOR TESTS ON STEEL CYLINDERS REPORTED

BY WILSON AND NEWMARK IN REFERENCE 4
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NOTE.-III mlmlating k for thb tabla oylindan with ~> 6.~ waro mmidami es Southwall oyllndars.

TABLE VII.-TABLE FOR DIFFERENTIATION BETWEEN SOUTHWELL AND ROBERTSON CYLINDERS
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TABLE VHI.-C ALCULATED VALUES OF ~r AND SMALLEST
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